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1. ABSTRACT

Small and large aperture rdf systems (both existing and pro-
posed), and limited space distributions of narrow aperture rdf systems
are compared in terms of the bearing error which arises when a desired
and an undesired signal of the same frequency but having arbitrary
relative amplitude, arnitrary time phise difference, and arbitrary
relative directions of arrival are incident upon each of the several
systems. The effect of increasing array diameter upon the bearing error
of large aperture systems and distributions of small aperture systems is
also considered. The comparative results are shown in the form of
bearing error curves, photographs of simulated system performance and as
a tabulation of average absolute bearing error for each system.

A discussion of the practical problems involved in the reali-
zation of some of the proposed systems is included and significant
conclusions are stated.
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11, INTRODUCTION

One of the objectives of the radio direction finding research
program at the University of Illinois has beei the comparison of various
possible methods of radio direction finding. This report attempts to
summarize some of the more important conclusions which have been reached
concerning several classes of systems. The basis which has been used
for comparison is the ability of the system to give a correct bearing
under the common practical field conditions of a wave interference
pattern produced by the presence of several rather than one arriving
wave. Under such conditions the first question to be answered s that
concerning which of the arriving waves is the "desired" wave, or vhich
wave gives the "correct" bearing under different sets of circumstances.
Two cases are of considerable practical importance. When the inter-
fering waves are due to reflections or reradiations at or near the site
giving rise to what is usually termed "site error', it is reasonable to
assume that under most circumstances the direct waves will be the
strongest, and, therefore, that the direction of the strongest wave will
give the correct bearing. In this case the interfering waves can have
any direction with respect to the direct or desired wave. When the
several waves are due to multipath sky wave transmission, it is no
longer so probable that the correct direction will be given by that of
the strongest wave. Other criteria, such as the direction of the wave
which arrives first or at the lowest vertical angle, or the average
direction of all the arriving waves might prove more reliable. However,
except for back-scatter and off-path transmission, it seems probable
that all the sky waves should arrive from nearly the same horizontal
angle, so that the direction of any individual wave should be not too
greatly in error, and use of the strongest wave is again a reasonable
procedure.

The systems compared in this report include both well-known
types which have been built and operated (some for many years) and other
types which exist only on paper. Among the latLer are two systems
which have been proposed by members of this laboratory. The sequence-
comparator system devised by R. W. Annis is a small-aperture1 system
which extracts and utilizes more information from a wave interference
pattern than does a conventional small-aperture system. The wide-
aperture vector-phase system proposed by Thomas O'Meara provides a
method for obtaining an instantaneous indication (without switchin*
which has the same order of accuracy as the wide-aperture switched
Doppler-Effect type of radio direction finder. While both of these
systems are probably too complicated in their present forms to be useful
as practical direction finders, they do serve to indicate how the
required information can be obtained and displayed.

The distributions of narrow-apearturc systems discussed in
Section V,C should be distinguished, on the one hand, from wide-base
systems which have been used in the past to obtain a position fix, and
on the other hand, from systems of closely-grouped rdf sets which have
been used to obtain improved bearings either by a process of averaging
individual bearings, or by diversity reception in which the most reli-
able bearing is selected. The theoretical bearing error curves shown

1. The "aperture" of an arra~y i tie leng+h or diameter of the array in wavelengths. The

dividing I ne between small- and large-ape-ture systems may be taken as about ;4.
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have been calculated and drawn for an instantaneous vector addition of
the individual system responses, such as could be obtained by the com-
bining schemes suggested in Section V,C. Under certain conditions,
which will be indicated, such an addition results in a bearing improve-
ment similar to that which can be obtained with wide-aperture arrays.

In this report only sample or "typical' curves for tiLe various
systems have been shown. This is because to show all the curves avail-
able for each system would have resulted in such a mass of information
as to make the report unreadable. Additional information on the various
systems will be found in individual reports now in preparation.2 In
addition, information on some systems is still incomplete. To the
extent that some of the conclusions of this report are based upon a
limited amount of data, these conclusions iust be considered tentative
until further substantiated.

It is recognized that the ability to discriminate against
interfering waves is only one of many considerations involved in the
selection of a radio direction finding system. Depending upon the
application, other factors, such as sensitivity, relative simplicity,
space requirements, ruggedness, port jility, etc., are often deciding.
It is obviously impossible to cons -or all such factors in making a
general comparison, especially since the deciding factors will be
different in different applications. However, to make the comparisons
,iven here more meaningful, the Section VII of this report includes a
brief discussion of some of the practical circuitry considerations
involved with each of the various systems.

2. Among the reports now in preparation are the following:
1. An Analysis of Radio Direction Finding Systems---Part Ill.
2. Direction Finding System Analyzer and Doppler Effect.
3. Vector-Phase ROF System.

-3-



I

Ill. STATEMENT OF THE PROBLEM

The systems which are compared seem to divide naturally into
three groups as follows:

1. Narrow Aperture Radio Direction Finding Systems
i. Systems Retaining Amplitude Information

a. Adcock
b. Sequence Comparator
c. Spaced-loop

ii. Systems With Amplitude Limiting
a. Vector-phase
b. Narrow-Aperture Doppler-Effect

2. Wide Aperture Radio Direction Finding Systems
i. Doppler-Effect

ii. Vector-Phase
iii. Wullenweber

3. Limited Space Distribution of Narrow-Aperture Radio Direc-
tion Finding Systems

Equations have been developed which give the bearing error of
each of the above systems for the case of interference between an unde-
sired and a desired signal of the same frequency. This bearing error is
a function of the ratio of the magnitudes of the two signals, their time
phase difference, their azimuthal difference and the aperture of the
system. The vertical angle of the arrival of the signals also affects
the error; however, the equations do not explicitly consider this vari-
able. In succeding sections of this report, the equation for the bear-
ing error of each systen as a function of the variables will be given.
Families of curves have been included to show graphically the functional
relationship between the bearing error and the several independent vari-
ables. These are assembled for convenient, rapid intrasystem compariso.
Photographs of simulated system performance are also included for com-
parison of small aperture systems. Finally the average absolute bearing
errors of the several systems are tabulated for overall or intersystem
comparison.

-4-



IV, DEFINITION OF SYMBOLS

h relative magnitude.

P2,1 time phase difference between the strongest and the next
strongest wave at the center of a complete system (lead angle
weaker minus lead angle stronger).

P' time phase difference between the strongest and the next
strongest wave at the center of a complete system (lead angle
weaker minus lead angle stronger). P7 1,, when only two
waves are present which is the case in this report.

Wa+l, L iime phase difference between the lead angle of the resultant
waves (or resultant induced voltages) at antenna (a + L) and
at antenna a. (Subtract the lead angle of the strongest from
that of the next strongest.)

Pn a-imuthal angle of the nth strongest wave measured from the
reference counterclockwise 3 (spherical coordinates).

(PI indicated direction of arrival measured counterclockwise
from t = 0 (sense is away from reception point).

I r true direction of transmitter measured counterclockwise from
= 0.

It angular separation measured counterclockwise - from weaker
to stronger or angular separation measured clockwise from
stronger to weaker. I = *h,i when only two waves are present
which is the case in this report.

Tazimuthal angle as a variable.

0 polar angle as a variable.

On  polar angle of arrival of the nth strongest wave, measured
downward from the vertical axis (spherical coordinates).

BI  indicated bearing measured clockwise from true north.

BT  true bearing of transmitter measured clockwise from true north.

Ba antenna bearing measured clockwise with respect to true north.

bearing error = -"indication" eiror = negative of indicated
direction minus true direction = indicated bearing minus
true bearing.

N total number of incoming waves.

n nth wave

A total number of antennas

a ath antenna (running variable)

S total number of systems

s sth system

En field strength of the nth wave

M modulus of a vector

NIS  resultant field strength at the centcr of the sth system

3. Clockwise and counterclockwise is determined by looking down on a compass from above or
looking towards the (-z) axis on a right-handed spherical coordinate system.
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($) -arctan ( h sin qf
1 + h cos

, n t.( n t * P)

D system diameter in wavelengths

d cylinder diameter in wavelengths

R system radius in degrees

r cylinder radius in degrees

t time

C spacing between antennas

in Bessel function (nth order)

Yn Bessel function of second kind (nth order)

MO = (I + h 2 + 2h cos p 2 ,),I%

MI+ = [ + h2 + 2h cos($2,1 + r2,,)]%

M2+ = [1 + h2+ 2h cos(2,1 + P2,1)]V

MI- = [1 + h2 + 2h cos(R2,1 -1,0)]

M2 - [1 + h2 + 2h cos(2M2, 1 - P2 ,1 )0
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V, COMPARISON OF INDIVIDUAL SYSTEMS

A. Narrow-Aperture Radio Direction Finding Systems

. Systems Retaining tie Amplitude Information in the Arriving
Waves

Systems incorporatfng the Adcock array are subdivided or
purposes of comparison into the following classes

a. Adcock array withn automatic bearing indicator (ABI).
b. Adcock array with Watson-Watt type indicator.
c. Adcock array with a matched-line type of indicator (IL).
It should be noted that the hand-rotated goniometer type may

be considered as of the first class above while the null-seeking type
such as the SCH-269 may be considered as of the ther m class.

The bearing error for the first two classes above may be
obtained by lettin n = I in the following general expression for the
bearing error of harmonic antenna array 

rn ' + -5 'i
2n

The solid-line curves of Plate I show graphically the bearing error for

the first two classes of systems as a function of azimuthal separation
between a desired and an unesired signal of the same frequency for
selected values of h and P. It is evident that the maximum bearing
error is 90 for the Adcock systems.

The broken-llne curves of Plate I are termed Phase-Front
Normal Bearing ErrorCurves. A word of explanation is probably in order
here. Recalling that the comparisons of this report are based upon rdf
performance in a wave interference field and that all interferencefields have some sort of a standing wave field which is uniquely deter-

mined by the values of h, 30, and r corresponding to any point, then a
direction finder which determines the normal to the equiphase front at
any point will in all such cases be subject to the phase-front normal
bearing error. The application of tbrse latter curves will be discussedbelow.

e second basis for the comparison of Adcock systems is the
collection of photographs comprising Plates I to VI. The photographs
of simulated radio direction finding system operation were obtained from
the Antenna Simulator. Each plate is reasonably self-explanatory;
however, it should be partcularly noted that h = 0.6 for all plates,
r2,1 asumes values of 0, 30, 60, 90, 120, 150, and 180 degrees respec-

tively for eachplate, and the several plates differ as to the value of
4 2, 1 - values of 10, 30, 90, 135, 170 degrees being used. Ile direction

of arrival of the stronger (desired) signal is from above in all cases.
The direction of arrival of the interfering signal bears to the left in
each case by the particular magnitude Of N I-

In order to evaluate the merit'of an indicated bearing, adevice termed the Bearing Quality Indicator (IBQI has been developed.
The visual output of the device appears on a separate oscilloscope as
several vertical-line traces. The relative lengths of the lines give an

4. The general expression for the bearing error of a harmonic antenna array was developed as
equation 8.10 in Technical Report No. 7 entitled "An Analysis of Radio Direction Finding
Systems-Part 1". Equation 5.1 above hab been written to agree with the symbols as defined
earlier in this report.

-7-
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indication of the quality of the indicated bearing on the rdf system
with which the BQI is being used. For purposes of comparison, the
output of the BQI when used in conjunction with a simulated Watson-Aatt
system is shown as the second row of photographs on each plate. The
rules for the interpretation of the B0I patterns are as followsf When
the middle line is longer than the two outside lines, the bearing
indication is between the two incoming signals. When the lines increase
or decrease in sequence, the bearing is near the direction of the
stronger signal. When the center line is shorter than the two outside
lines, the bearing lies outside of the direction of arrival of the two
signals. If the lines are very nearly equal, the bearing is very close
to the bearing of the stronger signal. If the lines vary greatly in
magnitude, then the bearing indication varies over wide limits and
should not be used. The technical details of the BQI vill be covered in
Part III of the series of reports on "An Analysis of Radio Direction
Finding Systems". It should be stuted that the lengths of the lines are
proportional to the magnitudes of the quantities M+, Mo, and M.

The third row of photographs appearing on each plate show the
simulated performance of the Sequence Comparator, so termed because its
principle of operation is to resolve the received complex signal into
components which are analogous to the components one obtains in the
symmetrical component method of unbalanced power system analysis. The
Sequence Comparator rdf system (SCRDF) uses several bearing indications
simultaneously on one cathode ray tube. The correct directions of
arrival of the two waves are given by the sides of the parallelogram
which encloses the composite figure. The bearing information is derived
from one antenna array. One possible system is illustrated in Plates
VII and VIII, using 8 antennas, but other numbers could have been chosen.
This system could be set up to give unilateral bearing in place of the
bilateral indication shown. The system shown when used in conjunction
with a bearing quality indicator would reduce the bearing error shown by
a factor of two or three and in many cases would give complete res-
olution of the direction of arrival of the individual signals. Since
the amount of improvement would partially be a function of the operator,
it is difficult to say exactly how great the improvement would be.

The fourth row of photographs on each plate shows the sim-
ulated performance of a EI used in conjunction with the SCRDF system.
It is seen by inspection that the latter is a valuable adjunct for
interpreting bearings when the angular separation is small. However
the type of indication that would be obtained when more than one inter-
fering wave is present is not known.

The fifth row of photographs on each plate shows the simulated
performance of an ABI type of rdf system under the same assumed con-
ditions.

A further interesting feature of the several systems is shown
in the last column of photographs on each plate. This case entitled
VAR -V2 1 shows the simulated performance of each system when two signals
of slightly different frequency are received. One may readily note thatit is now possible by the Watson-Watt method to resolve the individual

directions of arrival of the two signals. The same thing can be done
with the ABI indicator if the observer takes the direction of arrival to
be indicated by the cross-over points of beat frequency interference.
In the case of three signals, the ABI method breaks down; however, the

-14.
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Watson-Watt is still able to resolve the individual directions of
arrival. The true direction of arrival of each signal in the case of
the Watson-Watt is indicated by the sides of the parallelogram.

The matched-line indicator (MLI) has its calculated bearing
error compared with the ABI bearing error in Plate IX. The bearing
error of the MLI is very nearly equal to the bearing error of the ABI
when small values of blur are encountered. For large values of blur
the bearing deviates considerably from the ABI bearing. Also, for high
values of blur the phase shift between the sense voltage and the goni-
ometer voltage varies the bearing drastically. This effect is an
instrumental error and can be used tv r-duce the bearing error in the
case of reradiated signals due to local field obstructions. But in the
case of propagation interference, this may have the opposite effect and,
hence, give a rather unpredictable performance. This system is partic-
ularly noted for its ability to give a very accurate setting of the
indicator dial but this does not mean low bearing error. It should be
noted that the primary reason for the difference between the bearing
error of the MLI system and the ABI system is that the former includes
the effect of an added sense antenna along with the Adcock array which

may be common to the two systems.
The- vertical. spaced-loop radio direction finding system

consists of two parallel vertical loops coaxially oriented and separated
by a distance considerably less than a wavelength. The electrical out-
put of the system is obtained from the difference of the electrical out-
puts of each of the two component loops. The particular merit of this
system is its reliable performance under conditions of polarization
which void the bearing indication of a conventional loop or Adcock
system. However, the considerably reduced effective height of this
system from that of a loop or Adcock and the increased number of ambig-
uities are disadvantages.

The bearing error for the spaced-loop radio direction finder
may be calc1:lated from equation (5.1) above by letting n = 2. Plate X
shows the bearing error of such a system as a function of azimuthal
separation between a desired and an undesired signal for selected
values of h and r. The maximum bearing error in this system is one-half
that of a conventional loop or Adcock system subject, of course, to the
disadvantages mentioned above.

2. Systemis with Amplitude Limiting
It is possible to build many small diameter direction find-

ing systems which tend to give a bearing in the direction of the normal

to the curve of constant phase through their center. Such systems would
be phase comparison systems using only the phase information from the
voltages induced in the antennas and, hence, would incorporate amplitude
limiting of the antenna signal voltages before any combination of these
voltages took place. A direction finder, whose indicated direction as
the system diameter approaches zero ,s in the direction of the normal
to the phase front, will be called a phase-front direction finding
system. The vector-phase systems (defined in V B (2)) are of this type.

A particular type of phase-front system (also a vector-phase
system) which seems well suited as a small-diameter system is shown in
Plate XI. The phase of the induced voltages in diagonally opposite

-17-
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antennas is compared in a phase detector connected to these antennas by
receivers incorporating amplitude limiting. The two dc output voltages
from the two phase detectors are applied to the two sets of orthogonal
deflection plates of a conventional oscilloscope to give an indicated
bearing. The dot presentation could be changed to a litie with suitable
circuits (the bearing angle would be unchanged). For phase-front
systems of small diameter (under X/4) there is little to be gained in
the way of error suppression by a more complicated phase-front system
(such as a Doppler or 8-element vector-phase system).

A comparison of the error curve of an actual system as de-
scribed in the previous paragraph (dotted curve of Plate X1i) to the
deviation of the phase front normal from the direction of arriial of the
stronger signal (solid curve of Plate X11) shows the close agreement
for systems with diameters less than X/16. Because of the similarity of
these curves and other similar curves, it is felt that the curves show-
iag deviation of the phase front normal in Plate I give a very good
:indication of the performance of all phase-front systems with small
e.4meters. The dotted curves are for the Phase-Front Normal Deviation,
S. the solid curves show Adcock Error. In the upper and lower graphs
o,11 solid curves are shown as the Adcock bearing error and phase-
frcat normal are coincident here.

The formula for the normal to the phase front (from which the
curves of Plate I are plotted) can be expressed as-

arctan ( h(h + COS Pr2 ,) sin h 1

cos lP2,1 + h(h + cos r 2 ,I) cOs ',l

B. Wide-Aperture Systems

1. Dopplef-Effect Radio Direction Finding System
The theory of a doppler-effect radio direction finding system

was developed in technical report No. 8. Practical systems would use a
fixed antenna array with abrupt or gradual switching between elements.
A laboratory model system using a linear coupling law will be described
in a later report.

The manner in which the switching is accomplished may take
many forms, but the following three are especially important.

a. A single electronic contact may be used with a frequency
discriminator 4t the output of the receiver. See Plate XIII - Fig. 1.
The detected voltage in this case is a series of pulses.

b. A single rotating switch may be used, with the phase of
the radio frequency output of the receiver compared to the phase of an
antenna at the center of the array by a phase detector. (See Plate
XIII - Fig. 2.) Whenever a phase detector is used, its output is
generally a sinusoidal function of phase input and for this reason can-
not handle signals of more phase deviation than 180 with good results.

c. To limit the deviation of phase, the commutation may
be changed to compare phase between adjacent antenna receivers. See the
system schematic of Plate XIV - Fig. 1.
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The abrupt switching from anLenna to antenna produces tran-
sients which are troublesome in the preceding systems. To alleviate
this, some form of gradual coupling in and out of the antennas is
required. A linear coupling law gives, to a close approximation, a
sinusoidal phase variation which is the variation for a single rotating
antenna.

If the phase differences between adjacent elements were
individually and simultaneously detected, the switching could be shifted
to the dc output of each phase detector (see Plate XIV - Fig. 9). The
information may be stored by storage devices and later scanned for
presentation, making this system essentially instantaneous.

The doppler bearing error is dependent upon the magnitude of
a voltage at the switching frequency which adds in quadrature to the
desired signal voltage and produces a phase shift and, hence, a bearing
error. The magnitude of this quadrature voltage is expressed exactly as
an infinite series of Bessel functions. However, for small values of
relative magnitude (h), this series converges rapidly and, in this
report, the magnitude of the quadrature voltage has been approximated by
using only the first few terms. The details of obtaining the desired
signal and quadrature voltages are explained in Technical Report No. 8.

The bearing error equation for theoretical Doppler systems
(using a single rotating element or an infinite number of fixed ele-
ments) is:

arctan D cosG )
a sin 01 + D sin G

where
k' n sin 02)2Dsi 2(. cos k P2,1 + J1 (k g)

g =(sin2 02 + sin 2 01 - 2 sin 02 0i. cos t2,0%

sin 0,cos 2 1 ___

si 9
2,

AfiD

Plates XV and XVI show theoretical bearing error as a function of
system diameter. On.the same plates are shown for comparison the error
vs diameter curves for distributed Adcock systems (see Section VC) with
the same field conditions. Plate XVshows two field conditions where
the error is relatively small, while Plate XVI shows a common field
condition with small angles of separation where large errors can occur.

Referring to Plates XV and XVI, it is seen that for a large
angular separation between desired and undesired waves, the theoretical
Doppler curves appear much better than those for the distributed narrow
aperture systems. However, for interference effects between waves
arriving from nearly the same direction (such as might be expected with
multipath skywave transmission) the distributed system appears to give
be.tter results thar the Doppler.
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Plate XVII shows the variation of theoretical bearing error
with angular separation for a Doppler system of diameters of 2 and 10
wavelengths.

The effect of arbitrary vertical angle of arrival and azi-
muthal angle of both desired and undesired signals has been investigated.
For a circular Doppler system, the immediate observation is the apparent
reduction of aperture as the vertical angle of arrival is reduced; that
is, as the signal arrives from greater angles of elevation. The ap-
parent aperture for each signal is the true aperture times the sine of
the vertical angle. If the vertical angles of the desired and undesired
signals are the same, then the bearing is the same as a Doppler Bearing
with reduced aperture.

If the antenna is a simple dipole with the characteristic
"donut" space pattern then the pickup factor contains a sine factor of
vertical angle. Hence, waves from higher elevation are discriminated
against first on an amplitude basis and secondly from aperture reduction.

2. Wide-Aperture Vector-Phase Systems
A vector-phase direction finder will be defined as a phase

front direction finder which gives the direction of arrival as a vector
operated indication which is the vector sum of two or more component
vectors. The component vector magnitudes are proportional to the phase
differences between any two antennas of an array; the component vector
directions are parallel to a line joining these antennas, and their
senses are in the direction-sense of the antennas whose induced voltages
lead in phase. The vector-phase system which is proposed as being the
most practical form would utilize a circular antenna array and would
obtain the magnitude and sense of the vectors by means of phase detec-
tors (with sinusoidal characteristics), measuring the phase differences
between the intermediate frequency outputs of adjacent radio receivers
connected to adjacent antennas. An example system us shown in Plate
XVIII. This system has 8 antennas, 8 radio receivers, 8 phase detec-
tors and a vector summing oscilloscope with 8 sets of concentric deflec-
tion plates connected to the outputs of the phase detectors. The
receivers must incorporate amplitude limiting as only the phase infor-
mation is desired to obtain a bearing. The 8 sets of deflection plates
are oriented so they are perpendicular to the line joining the two
at.tennas whose phase difference is originating the dc voltages pre-
sented to the plates.

An alternate type of vector summing device is shown in Plate
XIX. Here the function of all but two sets of vector summing oscil-
loscope plates is replaced by a suitable resistor ring network, hence,
a conventional type oscilloscope tube can be thought of as an alternate
(and instantaneous) method of presenting the same information as pre-
sented by the pseudo-Doppler type radio direction finder shown in Plate
XIV - Fig. 2.

It can be shown that a circular vector-phase system of 8
antennas presents the same bearing as an equivalent (one with the same
number of antennas) Doppler system of the type shown in Plate XIV,,
and, hence, has the same bearing error under all electric field condi-
tions. Due to the near equivalence of bearing indication between a
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circular vector-phase system and all types of circular Doppler systems,
extensive error calculations have not been made for vector-phase systems.
The bearing of a vector-pha.'e system (under the influence of a desired
and an undesired signal) can bc expressed as:

A

B = arctan [A

A A

wherea~1 K sin(Tha+1 ,a )cosAwhere

%a+l,a .D [sin 1 cos(Z- a - P' )] +r(a + 1) - ('a)

X AA
h sin T.
1arctan + h cos Ta

X A' 2"

The bearing error is given by

9= B- .
Several curves of vector-phase bearing error are shown in Plate XX in
comparison with corresponding Doppler Curves.

The effect of vertical angle of arrival would be generally the
same as with equivalent Doppler systems. The optimum number of antenna
elements again is the same as for an equivalent Doppler system. Fifteen
or sixteen antennas seem to be a good compromise for system diameters
between two and three wavelengths. In general, an odd number of anten-
nas will give less repetitive errors5.

3. Wullenweber Systems
No extensive investigations of the properties of the Wullen-

weber type of direction finding system have been carried out at this
laboratory. However, it seemed desirable to have enough data on at
least one such system to allow comparisons to be made with some of the
other types being studied. In particular, since the Wullenweber is a
wide-aperture system, it seemed desirable to be able to make some
comparisons between a Wullenweber system and a wide-aperture Doppler
system of similar size. The wullenweber type system for which calcu-
lations were made is shown diagramatically in Plate XXI. The phasings
of the elements were so chosen that at a distant point on the radial
line 4 = 0, if the antenna were used for transmitting, the signals from
each of the radiating elements would have the same phase.

Curve A on Plate XXI shows the response of the array to a
single signal arriving in the horizontal plane, along the I = 0 radial.
The array is assumed to be rotated about a vertical axis. Curves B, C,
and n show the response obtained when a second signal, or ray, of the
same frequency as the first, and having a field strength eight tenths

5. "Radio Direction Finding by the Cylical Differential Measurement of Phase,' C. W. Earp and
R. M. Godfrey, dour. I.E.E., V. ", Part IlI A, No. 15 March - April 1"7.
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that of the first, arrives along the -t = 100 radial. The phase differ-

ence, P, between the arriving signals, measured at the center of the
array is 0 , 90 , and 180 for Curves B, C, and 1), respectively. For

and P = 900, the bearing shift due to the presence of the second
ray is not large, but for P = 1800, the bearing is split, and the error
is considerably larger than for the other two cases. Thus, as do most
of the other systems, this system has a tendency to "blow up" when
P - 1800. Under some conditions, however, as will become apparent, this
tendency is much less in the Wullenweber type system than in other types
of systems.

If the side-lobe level were zero, then when the difference
in angle of arrival of the rays exceeded the bean, width6 , the two rays
would give separate, correct indications. If the difference in angle
of arrival of the rays were less than the beam width, then the indicated
bearing (in some cases a split bearing would be obtained) would be in
error, the size and nature of the error depending on the relative phase,
the angular difference in direction of arrival, and the relative mag-
utitude of the rays. However, the error could in no case exceed twice
the beam width.

If the side-lobe level is not zero, but is such that twice the
ratio of side-lobe to main-lobe level is less than one minus the ratio
of the weaker to the stronger signal, then the conclusions are similar
to the previous case. Roughly, if the difference in angle of arrival
of the rays exceeds the beam width, two separate bearings will be
indicated, one for each wave. Neither, however, may be correct, but
their errors will be less than the beam width.

For the same conditions as the last previous case, except that
the difference in angle of arrival of the rays is less than the beam
width, the indicated bearing (under some conditions a split bearing will
be obtained) will be in error by an amount less than twice the beam
width.

If the ratio of side-lobe to main-lobe level exceeds the
previously specified limit, the error in the indicated bearing may be
quite large, especially if r is near 1800.

The preceding statements indicate why it is important for the
side-lobe level to be low as well as for the beam to be sharp when
multiray reception occurs. Even if the main lobe is sharp, large errors
can be obtained for some conditions if the side-lobe level is too high.

Nothing has been said yet about the variation of the Wullen-
weber pattern as the vertical angle of arrival is changed. This is a
serious design problem. Many arrays that would give satisfactory
results for waves arriving in the horizontal plane would be entirely
unsatisfactory for waves arriving at an appreciable vertical angle
because of breakup of the Wullenweber pattern. The array must be so
designed that this breakup is not objectionable.

C. Limited Space Distribution of Small-Diameter Systems

This section will consider various techniques of instan-
taneously and automatically combining the bearings of a collection of
6. The term "beam-width" as used here means the angular distances between the minimum adjacent

to the main lobe.
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small-diameter unit direction finding systems. These systems are spread
over a region large in comparison to the diameter of the unit systems,
but small in comperison to the distance from the signal source to the
system center.

The bearing information from the unit system could con-
ceivably be combined in many ways to form a composite bearing, each
combining technique resulting in its own mathematical law of combination.
It is believed that three of these combination laws would be the most
probable outcome of the majority of combination circuit techniques.

The first and most probable of these laws will be called the
vector-average law. If Brs is the indicated bearing of the sth system

and Ms is the field strength at the center of the sth system, then BIF,

the resultant bearing for a composite system with a vector-average law
can be expressed as: S

2 NIS sin BI5
BI = arctan [s s s

H S
SMs cos BIs

where S = number of systems. This law is the one generally resulting
from distributed systems not incorpordting amplitude limiting and which
combine bearing information either as dc voltages proportional to the
sine and cosine components of bearing, or as audio-frequency voltages
containing bearing information in their relative phase.

The second combination law will be called an amplitude-limited
vector-averqge law. With the same symbol definitions as used in the
previous paragraph, this law is-

S
2 sin BI

BIr = arctan [sl 5]

sX lcos Bis

Theamplitude-limited vector-average law is the law generally resulting
from distributed systems incorporating amplitude limiting (such as the
4'element vector-phase system described in Section V,A2).

The third law of combination to be considered is an arithmetic
mean law. In the same symbols as used in the last two paragraphs:

S

s l BIsBIr 
S

If the variation in BIs from system to system is not too great (less

than 400), then the difference between the resultant bearings of an
arithmetic mean law and an amplitude-limited vector-average law will
generally be very small (less than 1°).

As an illustration of a circuit combining technique for
distributed systems with a resultant bearing given by the vector-
average law see Plate XXII. This plate demonstrates a potential method
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of using existing ABI direction finders in a circular space distri-
bution of unit systems. The goniometers of all the unit ABI sys-
tems are activated by a common rotation voltage source and the second
harmonic of this rotation frequency is compared in phase (by a sum-
difference phase meteri to the phase of the sum of all of the filtered
outputs from the ABI second detectors. It is not to be expected that
this scheme would work well on an incoming signal containing some types
of pulse modulation or substantial modulation components at the goni-
ometer rotation frequency. Nor is it proposed that this scheme is the
most practical one for combining the bearings of distributed ABI systems.
However, it serves to illustrate the general techniques and some of the
problems to be faced.

Plate XXIII illustrates a system which gives a bearing ex-
pressed by the amplitude-limited vector-average law. This distributed
system is a composite of small diameter vector-phase systems of the
type discussed in Section V,A,2. The direct current outputs of all the
north-south discriminators are added linearly, and the same is done for
the outputs of the east-west discriminators. The two sets of resultant
dc voltages are applied to the two sets of orthogonal deflection plates
in a conventional oscilloscope tube, to obtain the desired resultant
bearing. Again there are many practical problems to be overcome,
although the majority of these would probably be in the unit systems
rather than in the combination techniques. This system would be ex-
pected to work reasonably well on code signals.

Assuming that circuit techniques are available for success-
fully combining bearings (under most modulation conditions) and pre-
senting the resultant bearing on some type of indicator, a distributed
system spread out over a region of several wavelengths is seen to have
excellent possibilities in discriminating against an interfering signal.
A resultant bearing can be no worse than the worst bearing of any of the
unit systems and will generally be much better.

The Distributed System bearing error is an average of the
bearing errors of the individual unit systems within the composite
system. The bearing error of each of the unit systems is a known
function of the total time phase difference between the desired and un-
desired signals. The total time phase difference between the two
signals at each unit system is a function of the time phase difference
at the center of the composite system plus a time phase difference which
is a function of the spacing of unit systems in the composite system, as
well as the electrical diameter (in .he circularly dispostd case) of the
composite system. The composite system bearing error is obtained by
combining the bearing error of the unit systems by (1) vector-averaging,
(2) limited vector-averaging, (3) averaging each unit system bearing
error. The vector-average utilizes the magnitude of the vectorial sum
of thz; desired and undesired signals at each unit system. To show the
order of improvement under general error conditions, curves of error
vs system diameter (and length) have been drawn in Plate XXIV. Curves
A and B show the error vs system diameter for circular and linear
distributions, respectively, of ABI systems (or other systems with the
same bearing error as an Adcock system). One curve of bearing error vs
system diameter for a circular distribution of small-diameter vector-
phase systems is shown in curve C. In all cases, curves for combination
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circuits following both vector-average and amplitude-limited vector-
average laws are shown. A curve of true Doppler bearing error is also
shown in Plate XXIV for comparison purposes.

The variation of error with the number of unit systems is
illustrated by curve D. This curve shows that for some interfering
signal conditions an increase in the number of unit systems need not

give a decrease in bearing error, although a reduction is generally the
case. An increase in the number of systems gives very little im-
provement after a certain number is re. ched. This optimum number of

*systems is approximately eight for com-."-te system diameters less than
I three wavelengths.

If the general direction of arrival (within ±300) could be
judged sufficiently far in unce, a linear dispostion of antennas at
right angles to the direction , arrival would give better results than
a circular composite system with the same number of unit systems and the
same maximum dimensions. This is illustrated by the solid curves of B

Fand C or n.
At present, little can be said quantitatively about random

dibtributions of systems. In general, if a random distributed system
were fairly well dispersed and contained the same number of unit systems
as a circularly disposed composite system (with unifoim spacing), in
addition to having roughly the same maximum dimensions, then the order
of error reduction would he about the same for these two types o,' com-
posite systems.

Interfering signal conditions where some of the worst errors
occur fot the unit systems are shown in Plate XV1. Error is plotted
as a function of system diameter and it is seen that the improvement is
more rapid witb vector-average than amplitude-limited vectox-average
cobineation lews. In general, the unlimited system will make the
average bearing tend more towards the direction half-way between the
arrivaldirections of the desired and undesired signals. If the angle
of separation between signals is small, as in Plate XVI, this tendency
is a desirable characteristic, but if the angle of separation is large,
as in Plate XXIV, this tendency is not necessarily desirable.

Bearing error as a function of angular separation is shown
plotted in Plates XXV for a circular distribution of 8 ABI systems
with diameters of two and ten wavelengths. Eight unit systems is an
insufficient number for a distributed system with 10 wavelengths diam-
eter. This is illustrated by the lOX curves. For these curves with
some conditions of angular separation (,N ,= 45 and 1350), the errors
of all the unit systems are identical and no error suppressiou is
obtained.
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VI. PRACTICAL CONSIDERATIONS

A. Practical Circuitry

1. Identical Receiving Channels
Several of the rdf systems previously described, namely the

Watson-Watt, Vector-phase, sequence comparator, and Doppler in which
switching is done after some amplification, require the use of two or
more receiving channels that are alike in phase and gain responses;
or, at least, that are alike within certain tolerances which may be
dictated by the particular system. The simplest of these systems,
the Watson-Watt, requires two such receiving channels, or three if the
180 ambiguity is eliminated.

Briefly, the requirements of the receiving channels are as
follows: they must have (1) identical gain vs frequency response curves,
(2) identical phase vs frequency response curves, (3) identical time
delays in each channel. Because the gain vs frequency and phase vs
frequency curves are interdependent, two channels can be made exactly
alike if their gain vs frequency curves are made to have equal ampli-
tudes at all frequencies, provided that the time delays of the two
channels are identical. Methods for attaining these results, including
some of the practical difficulties involved, will be described in a
later report.

Some of the indicating system problems have been previously
discussed. If the usual type of cathode ray tube is used, which has
two pairs of deflection plates, the pairs of plates must be at right
angles electrically. If this is not true a correction can be made by
applying voltages to the plates through a resistance bridge system.

Cross-feed is a problem in all multichannel receiving systems.
Jt must be kept to a minimum by using suitable chassis layouts, adequate
shielding, and suitable ground connections. A considerable amount of
cross-feed can be eliminated in a dual-channel system by using a bridge
circuit in the output leads. If bridges were required for each two
receiving channels in an n channel system, the number of bridges re-
quired would be n(n- 1)/2.

2. Gain Control
It is necessary that the overall gain control give the same

attenuation for all channels at all points. This control must not,
therefore, depend upon the characteristics of electron tubes. It can
take the form of matched attenuators used at some low impedance level
in the receiving systems, such as in cable lines between receiver
components.

3. AVC
In order to control all receiving channels by the same amount

of strong signals, it is necessary that the AVC voltage comes from
a common source. Dual-channel receiving systems may derive this volt-
age from the sense channel. For the vector-phase and distributed
narrow aperture systems the AVC voltage may be derived from a pilot
signal that is made common to all receiving channels by means of con-
necting cables. It is required that the AVC voltage for systems having
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receivers with identical phase and gain characteristics be applied in
such a manner that the gain vs frequency response is not affected. For
the distributed narrow aperture systems the AVC must be applied in such
a manner that the gains of all the receivers relative to each other are
known.

4. Amplitude Limiter
The vector-phase and Doppler systems require amplitude lim-

iters in each of the receiving channels. These limiters must have the
same threshold of saturation. The effective bandwidth will be larger
on strong signals than on weak signals, since the required amplitude
threshold will be farther removed from band center in the case of
strong signals. It is possible to get around this difficulty by placing
a tuned circuit or filter after the limiter. Since the purpose of
the limiters in each channel is to get equal amplitude responses in
each channel for the signal components at the same frequency entering
the channels, the filters following the limiters will do no harm, but
the filters in all of the channels must be identical in phase and gain
characteristics. The filters are also required for use in eliminating
undesired frequency components in the limited inputs to the resistance-
coupled phase discriminators used in the vector-phase and Doppler
systems.

5. Cables
In order to provide inputs of proper relative magnitudes

to all receiving channels in a multichannel receiving system, it is
necessary that the cables from the antennas to all of the channels
have the same electrical characteristics, and have the same electrical
length so that the total attenuation and the time delays will be the
same for all of the cables. If it should not be practical to use cables
of the same length, attenuation and delay equalizing networks must be
used at the receiver ends of the cables. In the case of the Wullen-
weber system the required attenuations and delays will not be equal, but
must maintain prescribed relations over the entire frequency band in
order to obtain the desired antenna pattern.

6. Polyphase Oscillators
The sequence comparator system requires that the local oscil-

lator voltages fed to the mixers on the various receiving channels have
definite phase relations between each other. This may be accomplished
by using a tunable polyphase oscillator to furnish the required voltages,
or %v using a single-phase oscillator operating through a tunable phase
shii.'r to each channel. The tunable polyphase oscillator seems to be
the more feasible of the two possible methods.

7. Switching
The Doppler and Wullenweber systems with stationary anten-

nas require switching. Any switching produces a transient problem.
The transients may be reduced if there is some amplification, before
switching, but this means that identical amplifiers would be required
in all of the channels. If the switching can be done so that the
transients are not objectionable or cancelled out in Lhe system, then
the switching problem is largely solved. Results obtained with square-
law (abrupt) and triangular (linear) switching will be discussed in a
later report. -45-



B. Practical Considerations

I. Mutual Impedance Effects

a. Wide-Aperture Systems
In theoretical analysis on systems such as the switched

Doppler, vector-phase or Wullenweber, it is customary to neglect the
effect of mutual impedance between elements of the antenna array.
This is done because to attempt to include these effects directly
wuuld make tne analysis exceedingly difficult. Therefore the assumption

is usually made that (a) mutual impedance effects are indeed negligible,
or (b) although not negligible, the effects tend to cancel each other
and result in small error, or (c) the effects produce appreciable error,
but the effect themselves can be minimized. In order to obtain at
least a qualitative answer for the general case, mutual impedance
effects have been and are being investigated for a few special cases.

The general procedure consists of measuring the impedances
(both self and mutual) for a particular antenna system, calculating the
antenna output voltages for a certain set of receiving conditions and
then feeding this information into the RDF System Analyzer in order to
find the bearing error caused by the mutual impedances. As an example
of the results cf this procedure the curves of Plate XXIV show the
output voltage as a function of direction of arrival of the received
wave, for one antenna of a circular array of 16 elements. The array
diameter was approximately two wavelengths, corresponding to an antenna
spacing of 0".383 wavelengths. Ea:h antenna was a resonant length and
was connected to a matched load impedance. The curves were obtained by
considering the effects of the four nearest antennas only, since to have
included all the elements would have necessitated evaluating a 16th
order determinant. Comparing the solid curves with the dashed-line
curves which correspond to the ideal case of no mutual impedance, it is
apparent that the effects of mutual impedance on individual output
voltages can be quite marked. However, there is symmetry about the
refererce axis (the curves are shown only for angles between 00 and
180:0) so that if this array were used for the Doppler system, for
example, which utilizes only the fundamental component of the rotational
frequency, the error resulting for one arriving wave would be theo-
retically zero. In practice, because of small inequalities in load
impedances, there would be some error. Errors due to mutual impedance
effects when more than one wave is arriving are being investigated with
the RDF System Analyzer.

b. Distributed Small Aperture Systems
As with wide-aperture systems, theoretical analysis of dis-

tributed small-aperture systems, ordinarily neglects mutual impedance
effects. In order to estimate the order of magnitude of the possible
error which might be introduced, a simple calculation has been made of
the maximum bearing error which could occur in the indication of a
single system due to reradiation from a nearby system. The results
are tabulated below.

Spacing Ratio of Beradiated Max. Bearing
to Direct Signal Error

0.15 0.4' 240
0.5 0.2 120
1.25 0.1 60
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These figures were obtained on the assumption that the reradiation from
an individual system was equal to the reradiation from a resonant-length
antenna connected to a matched load (it is probably considerably less
than this). It is seen that this maximum error is quite large for small
&pacings. However it is entirely possible that in a large system having
symmetrically disposed individual systems,eirors will tend to cancel as
in the wide-aperture case mentioned above. This point is being inves-
tigated further.
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VII. OVERALL COMPARISON OF SYSTEMS

(INTERSYSTEM COMPARISON)

A. Figure-of-Merit for Intersystem Comparison

The figure-of-merit calculations as used in Technical Report
No. 8 of this project would require a large number ot point by point
calculations for curves such as those of Plate XXV. As an alternative
procedure it is possible to find the average of th- absolute error or
the root mean square in continuous fashion, by integration with a
planimeter. The average absolute error is somewhat the easier of these
two techniques and can be expressed by the formula;

formu2n

where !(0) is a function (curve) of error vs angular separation for a
given time phase difference.

In order to take into account time phase differences a curve
of average absolute errors (each point being expressed by the equation
of the previous paragraph) could be integrated with respect to time
phase. This procedure would be tedious however and will not be used in
this report.

It is felt that for most direction finders (due to the prop-
erties of the phase front) the maximum errors will tend to occur at or
near 0 and 180 time phase. Hence, average absolute errors will be
given for these two values of time phases.

The relative merits of a direction finder would be described
reasonably accurately by the double average process discussed in the
previous paragraph if for a typical rdf installation it were equally
probable that any angular separation and any time phase would occur over
a given period of operation and only two signals were present. This is
definitely not the case and some sort of statistical weighting factors
would be needed for a true figure of merit.

One of the biggest deviations from equally probable parameters
would occur with the angular separation parameter. The probability of
small angles of separation and fairly large relative magnitudes would
outweigh other error conditions at most installations.

To show the accented tendencies under these conditions average
absolute bearing error has been obtained considering only angles of
separation between 00 and 10 0. A true figure of merit would probably
lie somewhere between the 00- to 100 average and the 0 - to 3600 average,
the exact location depending on the nature of the rdf equipment, the rdf
site, and the nature (statistical) of the propogation conditions to be
encountered.

B. Tabulation of Average Absolute Bearinj Error

Table 1 is a summary tabulation of the average absolute
bearing error that has been determined for each of the several systems
considered earlier. The table thus provides a means of intersystem
comparison and is the primary basis for the conclusions which are drawn
in the next section.
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Table 1

..._Average Absolute Bearin Error

Time Phase h - 0.5 h - 0.8Difference ....

Tw of System At System I1AI Averas d Over a Averaged Over
Cente Ph0 Frn Di0ern0Center 0-10 0-360 0-10 0-360

r o 0p 1.90 19.30 2.i 32.30

(A) Phase Front r-g .0990 200 2.

Normal 1' 90

r- 1800 4.5 °  18.80 18.40 31.80

r a o 1.90 19.30 2.10 32.30

(B) Adcock ' - 900 1.00 5.6P 2.O 13.04

r- 180 °  4'.50 18.80 18.4 .0  31.80

r . 0°  1.50 9.80 2 .040 17.90

(C) Spaced Loop r -900 0.90 2.20 1.50 7.10

r - 1800 4.20 9.20 14 .4D 15.60

LVA 1.6 LVA 9.9

Circular Diameterl 0 VA. 1.6: VA 13.1
Distribution -2k LVA 4.8° LVA 9.50

(D) of 8
Adcock r 1800 VA 0.4p VA 11.10
System -VA 0.80 LVA' 9.40

Diameter rP 09 VA 2.80 VA 11.2010o VA 1.20 LVA 10.6P

r - 180e VA 2.4 V 12.2 .

Ie r - 1.80 1.40  2.20 2.20

*2h

True Doppler r - 1800 3.30 2.04P  8.00 3.00

(E) System
Dimter P00 0.60 0.20 0.80 0.30

ra 1800 0.80 0.20 0.90 0.80
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VIII. CONCLUSIONS

A study of the averaged absolute bearing error figures of
Table 1 leads to the following conclusions:

1. Any small aperture system capable of giving a true indication
of the phase from normal would yield the results shown in section
(A) of this table. The bearing "error" refers to the deviation of
the indicated bearing from the direction of arrival of the stronger
wave. For waves that arrive from nearly the same direction (
averaged over 00 - 100) the averaged absolute bearing error is
small if the amplitude of the interfering wave is one-half that of
the stronger wave (h = 0.5). When the interfering wave may have
anyodirection relative to the stronger wave (I raveraged over
360 ) the averaged absolute bearing error for h = 0.5 is about 180.
For large amplitudes of interfering waves arriving from nearly the
same direction as the stronger wave (h = 0.8; I1 averaged over
00 - 10 - a condition which assumed to apply in multipath sky-
wave transmission) the bearing error is still small if the time

phase angle between the signals does not exceed 900. For time
phase angles near 1800 the indicated bearing deviations increase
sharply with an averaged absolute of about 190 for the conditions
mentioned.

2. Comparison of the results of section (B) with those of section
(A) shows that as far as the averaged absolute bearing error is
concerned a simple Adcock system gives results which do not differ
significantly from a phase-front normal indicator. Of course, as
was shown in the curves of Plate I, there are some particular sets
of conditions where the two systems do give different indications.

3. Section (C) of table 1 shows that the spaced loop with its
second-harmonic (4' lobe) pattern has an averaged absolute bearing
error which is less (in some instances by as much as a factor of 2)
than the simple Adcock. (This result, however, gives no considera-
tion to the increased number of ambiguities).

4'. Perhaps the most important conclusions are those which concern
a distribution of narrow-aperture systems. Section (D) shows
averaged bearing error figures on a distribution of 8 Adcock unit
systems equispaced on circles of diameters of 2 wavelengths and 10
wavelengths respectively. These figures may be comp_:ed with the
figures for a wide-aperture True Doppler system (the theoretical
case of a single rotating element) shown in section (E). For the
distribution of narrow aperture systems bearing error figures are
shown for both vector average (VA) and limited vector average (LVA)
summations. The following points should be noted:

a. For small angles of separation, this is waves arriving
from nearly the same direction, a medium diameter (2QX) dis-
tribution gives excellent results - even better than the
True Doppler system of the same aperture. Because it i s
thought that this case (h = 0.8, I | averaged over 00 - 100 )

covers conditions met with in multipath sky-wave transmission4
this result is an important one.
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b. When all possible angles (191 averaged over 00- 3600) are
considered the bearing improvement is much less than for the
corresponding diameter True Doppler system. Thus, such a
system is less effective in overcoming site-error refiections,
although the averaging process does give some improvement as
would be expected.

c. As the diameter of a circular distribution of 8 narrow
aperture systems is increased, the bearing indication does not
continue to improve as it does with the True Doppler (and
presumably most other wide-aperture systems). It is probable,
though not definitely established, that if the number of
systems was increased with the diameter, the average absolute
bearing error would decrease with increasing diameter. For 8
unit systems it can be shown that there are certain combi-
nations of system diameter and angles t for which no bearing
error improvement is obtained. This statement is probably
ture for other numbers of units as well.
d. For small values of I the vector average summation gives
somewhat better results than those given by the limited
vector average summation. When all possible angles between
arriving waves are considered equally probable, the limited
vector average summation is slightly superior.

Operation of a distribution of narrow-aperture systems appears
to be quite feasible and to have some advantages over a wide-aperture
*ystes. Under ordinary "guard" conditions the units could be operated
individually, each covering its own share of the frequency spectrum.
Whenever an accurate d-f on a particular transmission was desired, the
units could be connected automatically according to one of the combining
schemes suggested by Plates XXII and XXIII to give results compara-
ble to those expected from a wide-aperture system. Because of these
facts the bearing error results obtained on a distribution of narrow-
aperture systems are believed to be of considerable significance.

i
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